COVERINGS AND ACTIONS OF STRUCTURED LIE 
GROUPOIDS I. 



M. HABIL GURSOY, ILHAN ICEN AND A. FATIH OZCAN 

Abstract. In this work we deal with coverings and actions of Lie group- 
groupoids being a sort of the structured Lie groupoids. Firstly, we define 
an action of a Lie group-groupoid on some Lie group and the smooth cover- 
ings of Lie group-groupoids. Later, we show the equivalence of the category 
of smooth actions of Lie group-groupoids on Lie groups and the category of 
smooth coverings of Lie group-groupoids. 



1. Introduction 

The theory of covering space has an important role in the algebraic topology. 
When studied on categories and groupoids, the concept of covering is meaningful 
by investigation of relationships between fundamental groupoids of covering spaces 
and those of the base spaces. 

The first papers in this area were written by Brown and Higgins [4, 9, 11]. 
Brown defined the fundamental groupoid ttiX associated to a topological space X 
and obtained the covering morphism irip : ttiX — > iriX of groupoids for a given 
covering map p : X — > X of topological spaces. Thus he proved the equivalence of 
the category TCov{X) of coverings of X and the category GdCov{niX) of coverings 
of fundamental groupoid ttiX, where X has universal covering space [11]. 

Further, the relation between notions of covering and action for groupoids was 
studied by Gabriel and Zisman [3]. They proved the equivalence of the category 
GdCov{G) of coverings of a groupoid G and the category GdOp{G) of actions of G 
on the sets. 

Another concept considered in this paper is group-groupoid notion which is a 
group object in the category of groupoids. It was defined by Brown and Spencer 
[5]. They proved that if X is a topological group, then the fundamental groupoid 
TTiX becomes a group-groupoid. 

After defining the topological groupoid by Ehresmann all of the above results 
were also given for topological groupoids [9]. In [14], it was proved that the topolog- 
ical group structure of a topological group-groupoid how was lifted to a topological 
universal covering groupoid. 

In this work we deal with smoothness of all these results. It is well-known that 
for a connected smooth manifold M there exist a universal covering manifold M 
and a smooth covering map p : M ^ M. Also, from the manifold theory there 
exist a simply connected universal covering Lie group G of a connected Lie group 
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G and a smooth covering map p : G ^ G which is a Lie group homomorphism at 
the same time. 

By using these facts, we show that the fundamental Lie groupoid niM asso- 
ciated to a connected Lie group M is a Lie group-groupoid. Thus we constitute 
the category LGCov{M) of smooth coverings of a Lie group M and the category 
LGGdCov{'K\M) of coverings of Lie group-groupoid ttiM. Then we prove the 
equivalence of these categories. Also, we show that the category LGGdCov{G) of 
coverings of a Lie group-groupoid G and the category LGGdOp{G) of actions of 
Lie group-groupoid G on Lie groups. 

Throughout the paper, all our manifolds we consider are assumed to be smooth 
and second countable. 

2. Lie Group-Groupoids 

In this section, we will give the basic definitions and concepts related to Lie 
group-groupoids. But we recall, in advance, the basic facts about groupoids and 
Lie groupoids. 

A groupoid is a category in which every arrow is invertible. More precisely, a 

groupoid consists of two sets G and Gq called the set of arrows (or morphisms) and 
the set of objects of groupoid respectively, together with two maps a, /? : G — > Go 
called source and target maps respectively, a map e : Go — > G,x i— > e{x) = 
called the object map, an inverse map i : G ^ G,a i— > and a composition 
G2 = G a G ^ G,{b,a) ^ bo a defined on the puUback 
G„ x^G = {(6,a) |a(6)=/?(a)}. 
These maps should satisfy the following conditions: 

(1) a{h o a) = a{a) and /3(6 o a) = P{h), for all (6, a) £ G2, 

(2) CO {h o a) = {c o b) o a such that a{b) = /3(a) and a(c) = (3{b), for all 
a,b,c& G, 

(3) = = X, for all x e Go, 

(4) a o la(a) = and l/3(a) o a = a, for all a € G, 

(5) a{a~^) = (3{a) and (3{a~^) = a{a), oa= la(a) and aoa~^ = [10]. 
Let G be a groupoid. For all a;,?/ G Go, wc denote G{x,y) the set of all arrows 

a G G such that a(o) = x and /3(a) = y. For x € Go, we write Stcx for the set 
of all arrows started at x, and CoStox for the set of all arrows ended at x. The 
object or vertex group at x is G{x} = {a G G | 0(0) = /3(a) = x}. 

Let G and H be two groupoids. A groupoid morphism from if to G is a pair 
(/, /o) of maps f : H ^ G and fo : Hq ^ Go such that ac o / = /o o an, 
/?G o / = ,/o o ftn and f{b o a) = f{b) o /(a) for all (6, a) e H2 [10, 11]. 

Throughout the work we shall assume that the set of objects Go and a-fibers 
a~^{x) = Stax, a; G Go are Hausdorff. 

Definition 1. A groupoid G over Go is called Lie groupoid if G and Go are mani- 
folds, a and (3 are surjective submersions and the composition map is smooth [10]. 

It follows that, e is an immersion, the inverse map is a diffcomorphism, the sets 
Stcx, GoStcx and G{x, y) are closed submanifolds of G for all x,y G Gq and all 
vertex groups are Lie groups. Also since a and /3 are submersions, G2 is a closed 
submanifold of G x G [7]. 

The left-translation (right translation) for a G G{x, y) is the IXLcip Lq^ '. CoStQX — ^ 
CoStcy, b aob {Ra ' Stay Stcx^ b\-^ bo a) which is a diffeomorphism [10]. 
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Example 1. Let M be a mmiifold. The product manifold M x M is a Lie groupoid 
over M in the following way: a is the seeond projection and (3 is the first projection; 
Ix = {x, x) for all X & M and {x, y) o [y, z) = (x, z) [6]. 

Definition 2. A morphism between Lie groupoids H and G is a groupoid morphism 

(/, /o) such that f and /o are smooth [7]. 

Now, wc can introduce definition of Lie group-groupoids. 

Definition 3. A Lie group- groupoid is a Lie groupoid endowed with a structure of 
Lie group such that the addition m : G x G ^ G, {a,b) a + b, the unit map 

e : * ^ G, * e(*) = Ig and inverse map u : G ^ G, a i-^ —a, which are 
the structure maps of Lie group, are Lie groupoid morphisms. Also there exists an 
interchange law 

{boa) + {doc) = {b + d)o{a + c). 

Definition 4. Let G and H be two Lie group-groupoids. A morphism f : H ^ G 
of Lie group-groupoids is a morphism of underlying Lie groupoids preserving the 
Lie group structure, i.e., f{a + 6) = /(a) + f{b) for a,b € H. 

Example 2. Let G be a Lie group. Then we constitute a Lie group- groupoid GxG 
with object manifold G as the following way: 

A morphism from an object x to another one y is a pair of {y,x). The source map 
is defined by a{y, x) = x, the target map is defined by I3{y, x) = y, the object map is 
defined by x ^ {x, x) for any x € G, the inverse of (y, x) is defined by {x, y) and the 
com,position is defined by (z, y) o (y, x) — [z. x) for (y, x), {z. y) E G x G. Since G is 
a Lie group, GxG is also a Lie group with the operation {x, y) + {z, t) = {x + z, y+t) 
defined by the operation ofG. The unit element of this group is (e,e) where e is the 
unit element of G, and the inverse in the group of {y, x) is (— y, —x). Also GxG is 
the Lie groupoid called the banal groupoid. Now let us show that the group structure 
maps of G X G are groupoid m,orphisms. 

For m : {G X G)x {G X G) ^ G X G, 

•m{{{z,y),{z! ,y)) o {{y,x),{y' ,x'))) = m{{z,y) o {y,x),{z' ,y') o {y',x')) 

= m{{z,x), {z',x')) 
= {z-\-z,x + x) 

and 

m{{z,y),{z' ,y'))om,{{y,x), {y',x)) = {{z,y) + {z ,y)) o {{y,x) + {y',x)) 

= {z + z ,y + y) o {y + y',x + x) 
= {z-\-z,x-\-x) 

Similarly, it can be shown that the unit map and the inverse map of the group are 
also groupoid morphisms. Furthermore, since the group structure maps of G x G 
are defined by the operations of Lie group G, they are also smooth. Consequently, 
G X G is a Lie group- groupoid. 

This example defines a functor from the category LGrp of Lie groups to the 
category LGGd of Lie group-groupoids. Let us give it by the following proposition. 
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Proposition 1. There exists a functor fl : LGrp LGGd from the category LGrp 
of Lie groups to the category LGGd of Lie group- groupoids. 

Proof. Let G be a Lie group. Then, from Example 2, G x G is a Lie group-groupoid. 
If / : G ^ i? is a morphism of Lie groups, then Vl{f) : GxG^HxH is a morphism 
of Lie group-groupoids. Indeed, is defined by {y,x) i-^ {f{y),f{x)) and ^{f) 

preserves the group structure. That is, 

n{f){{y,x) + {y',x')) = n{f){y + y',x + x') 

= {f{y + y'),f{x + x')) 

= {m+f{y'),m+f{:r')) 

= im,f{x)) + {f{y)J{x)) 
= nif){y,x) + n{f)iy\x'). 

By the same idea, n{f){{z.y) o {y,x)) = n{f){z,x) = {f{z),f{x)) and n{f){z,y) o 
n{f){y,x) = {f{z),f{y)) o {f{y)J{x)) = {f{z)J{x)). Hence we obtain that 
^{f){{z,y) o {y,x)) = n{f){z,y) o n{f){y,x). Thus preserves the groupoid 

structure. = (/, /) is smooth, since / is smooth. Consequently ^{f) is a 

morphism of Lie group-groupoids. □ 

Theorem 1. The transitive component Ce{G) of unit element e in a Lie group- 
groupoid G is a Lie subgroup- groupoid which has the structure of normal Lie sub- 
group with the addition of Lie group. 

Proof. Wc know that Ge(G) is the subgroupoid of G. For all object selected in 
Ge(G)o, let us consider the arrow Tx G G{x,e). Let a,b £ Ce{G) be arrows, 
where a G G{x,y) and b G G{x ,y ). Thus, we obtain a — b € G{x — x ,y — y ), 
where - T^' G G{x - x\e) and Ty - T^' G G{y - y',e). Hence it follows 
that x — x ,y — y G Ge(G)o and a — b <E C^{G). In other words, Ge(G) is a 
subgroup. There are structures of submanifold on Ge(G)o and Ge(G). Also, the 
addition in Ge(G) is the addition of G, so it is smooth. Thus, Ge(G) is a Lie 
group. Furthermore, the structure maps of the subgroupoid Ge(G) arc restrictions 
of structure maps in G, so they are smooth too. Consequently Ge(G) is a Lie group- 
groupoid. Now let us show that Ge(G) is normal. For any a G G{x, y), let a G Ge(G) 
and g G G{w, z). Thus, for any g G G{w, z). T^ £ G{x, e) and —g G G{—w, —z) we 
have g + Tx — g £ G{w -\-x~w,z-\-e — z), and hence g + T^ — g £ G{w -\- x — w,e). 
It follows g + a — g G G(«7 + .t — u), z + y — z). That is, we obtain g + a — g G Ge(G). 
Wc deduce that Ce{G) is a normal Lie subgroup. Consequently, Ce{G) is a Lie 
subgroup-groupoid. □ 

Theorem 2. All characteristic groups in a Lie group-groupoid G are linearly dif- 
feomorphic to each other. 

Proof. It is enough to show that for any x G Go the object group G{x} is diffeo- 
morphic to the vertex group G{e}. From the definition of left translation, we can 
write Li^ : G{e} G{x}, a 1^ + a. On the other hand, 

Li^ {b o a) = Ix + {b o a) = {1^ o 1^.) + (6 o a) = (l^; + 6) o (1^. + a) 

by the interchange law. Therefore, Li^ is a homomorphism of groups. Since the 
operations + and o are the operations of Lie group and Lie groupoid, respectively. 
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they are smooth. That is, Li^ is smooth. Furthermore, there exists inverse of Li^, 
and it is also smooth. □ 

A Lie group-groupoid G is called transitive, 1-transitive or simply transitive, if 
the underlying Lie groupoid of G is transitive, 1 -transitive or simply transitive, 
respectively. 

3. Coverings and Actions of Lie Group-Groupoids 



It is useful to present the definition of covering morphism of Lie groupoids before 
the definition of covering morphism of Lie group-groupoids. 

Definition 5. Let p : G ^ G be a morphism of Lie groupoids. For each x G Go, 
if the restriction G^ — > Gp^^) of p is a diffeomorphism, p is called the covering 
morphism of Lie groupoids. Then G is called the covering of Lie groupoid G. 

Let us give an equivalent criterion to the covering of Lie groupoids. 

Let p : H ^ G he a covering morphism of Lie groupoids. Take the puUback 
G a Xpo Ho = {{a,x) eG X H()\ a{a) = Po{x)}. 
Since a is a submersion, G q, Xp„ iJo is a manifold. Then the map Sp : G aXpgHo ^ 
H is the lifting function assigning the unique element h € to the pair (a, x) such 
that p{h) = a. It is clear that Sp is inverse of the map {p,a) : H ^ G a Xpo -^o- 

Thus, the morphism p : iJ — > G is covering morphism of Lie groupoids iff the 
morphism {p, a) is a diffeomorphism. 

Definition 6. A morphism f : H ^ G of Lie group-groupoids is called a covering 
morphism of Lie group-groupoids if it is a covering morphism of underlying Lie 
groupoids. 

Proposition 2. Let M be a connected Lie group. Then wiM is a Lie group- 
groupoid. 

Proof. From [9], it is known that ttiM is a group-groupoid. Let us denote the atlas 
making the manifold M smooth and consisting of the liftable charts by A. Since 
M is connected manifold, the fundamental groupoid mM is a Lie groupoid [13]. 
So there exists an atlas A lifted from A over w^M. Further this atlas makes it 
smooth manifold. Now we can show that wiM is a Lie group-groupoid. For this, it 
is enough to show that the group operation mm : ttiM x mM ^ mM is smooth. 
Since m : M x M ^ M is the addition of Lie group, it is smooth. In fact, it is 
easily seen by the following diagram. 



M xM 



pn 



At this diagram, (/? is a coordinat chart with domain U selected from the liftable 
atlas of M. So ly? is a diffeomorphism onto the open subset ip{U) C M". From 
here, ip x (p is also smooth. Furthermore, pvi is smooth, because it is a projection 
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onto the first factor. Tlius, m = ip^^ o pn o [ip x ip). Tliat is, m is smootfi map. 
Since ttiM is a Lie groupoid over M, and it is the covering manifold of the product 
manifold M x M, then we can give the following diagram: 



7ri(M) X 7ri(M) 



•TTlM 



,which is lifting of the above diagram, if is the coordinat chart lifted from the 
coordinat chart (p. So tp is smooth. This brings the map ^ x ^ is smooth too. pri,2 
is also smooth, because it is a projection. Hence Trim is smooth. Therefore, wiM 

is a Lie group-groupoid. □ 

From the following proposition, Lie group-groupoid ttiG is functorial. 

Proposition 3. Let f : H ^ G be a morphism of connected Lie groups. A mor- 
phism TTi/ : niH mG induced from f is a morphism of Lie group- groupoids. 

Proof. It was proved that tti/ is the morphism of group-groupoids in [12]. For this 

reason, it is enough to show that tti/ is smooth. Since f : H ^ G is smooth, we 
have f{U) C V for the charts {U,(p) and {Vjtp) on H and G, respectively. And 
hence ip o f o ip~^ -. ip{U) — > V(^) is a smooth map. 




There exist the fundamental Lie groupoids niH and ttiG corresponding to H and G, 
respectively. So we can define groupoid morphism tti/ as xp~'^ o Idophy coordinat 
charts (C/, ip) and {V, tp) which are liftings of the coordinat charts {U, (p) a.nd{V, ip), 
respectively, •ip and ^ are smooth, because they are the chart maps of Lie groupoids 
TTiG and niH, respectively. Since the Id is the unit map, it is smooth. Thus tti/ 
is smooth. □ 

Proposition 4. Let p : M ^ M be a covering morphism of connected Lie groups. 
Then the morphism nip : mM — > ttiM is a covering morphism of Lie group- 
groupoids. 

Proof. Let p : M — > M be covering morphism of the connected Lie groups. It is 
obvious that p is smooth and a Lie group homomorphism. Since M and M are 
connected smooth manifolds, from Proposition 2, ttiM and ttiM are Lie group- 
groupoids. It is known that wip : ttiM — > ttiM is covering morphism of groupoids 
[11]. Also by Proposition 3, nip is the morphism of Lie group-groupoids. Now 
let us show that irip is covering morphism of Lie group-groupoids. nip is smooth, 
because it is the morphism of Lie group-groupoids. Since a is the source map 
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of Lie group-groupoid, it is obvious that it is smooth too. So the map {nip, a) : 
TTi-M -KiM Q, XpM is smooth. Further, it is bijection, because ttip is the covering 
morphism of group-groupoids. Hence there exists an inverse s^np : ttiM „ Xp 
-K\M of (ttiP, a). s,rip is the function assigning to the unique homotopy class [h]x 
started at x of smooth paths h each pair ([a], a?) such that iTip{[h]) = [a]. By the 
homotopy lifting property and the unique lifting property, it is obvious that s^np 
is well-defined. Also, we can write s^np as the composition of the smooth maps 
similar to the following diagram 

TTlM a Xp M TTiM X TTiM -^^^ y^M X TTiM — ^ TTiM 



{[a],x) I ^ {[a], [1^]) I ^ {[a], [S]) I ^ [S] 

Hence Sj^p is smooth. Thus, (ttip, a) is a diffeomorphism. Consequently, ttijj is the 
covering morphism of Lie group-groupoids. □ 

If M is connected Lie group, by Proposition 2 the fundamental groupoid ttiM 
is a Lie group-groupoid. Thus, we obtain a category LGGdCov{'K\M). Objects of 
this category arc covering morphisms p : G ^ ttiM of Lie group-groupoids, and a 
morphism from an object p : G ^ niM to an object p : H ^ ttiM is a morphism 
r : G — »■ i? of Lie group-groupoids such that p = qor, where M = Go is connected 
manifold. 

More generally; let G be a Lie group-groupoid. Then we obtain a category 
LGGdGov{G) whose objects are covering morphisms p : H G oi Lie group- 
groupoids. In this category, a morphism from an object p : H ^ G to an object 
q : K ^ G is& morphism r : H —y K oi Lie group-groupoids satisfying the condition 
p = qor. 

Let M and M be connected Lie groups. Then wc obtain a category LGCov{M). 
Its objects are covering morphisms p : M ^ M oi Lie groups. A morphism from 
an object : M — > M to an object q : N ^ M is a, morphism r : M N oi Lie 
groups such that p = qor. 

Let us now state a proposition from [8] to be necessary for the proof of the 
following theorem. 

Proposition 5. Let M he a connected manifold and let q : G ^ ttiM be covering 
morphism of groupoids. Let M = Go and p = qo : M ^ M. Let A denotes an atlas 
consisting of the liftable charts. Then the smooth structure over M is the unique 

structure such that the fallowings are hold: 

(1) p : M ^ M is a covering map. 

(2) There exists an isomorphism r :G ^ -k\M which is the identical on objects 
such that the following diagram is commutative: 



TTiM 




P 



G ^^TTlM 



Let us now give first main result of this paper. 
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Theorem 3. Let M be a connected Lie group. Then the category LGCov{M) of 
the smooth coverings of Lie group M is equivalent to the category LGGdCov{'KiM) 
of the coverings of Lie group- groupoid ttiM. 

Proof Let us define a functor T : LGCov{M) LGGdGov{TTiM) as follows. Let 
M, M be connected Lie groups. By Proposition 3, if p : M ^ M is a covering 
morphism of Lie groups, then nip : ttiM ttiM is a covering morphism of Lie 
group-groupoids. Hence T{p) = mp is a covering morphism of Lie group-groupoids. 
If r : M ^ iV is a morphism of covering morphisms of Lie groups from p : M ^ M 
toq : N ^ M, by the definition of category LGGov{M), r is also covering morphism 
of Lie groups, and since M, A'' are connected, ttiT is also covering morphism of Lie 
group-groupoids. Obviously r(r) is a morphism of covering morphisms of Lie group- 
groupoids from mp to mq. Let r : N ^ P he another morphism of the covering 
morphisms of Lie groups, where q : P ^ M. Since r and r are covering morphisms 
of Lie groups, the composition r o r : M ^ P is also covering morphism of Lie 
groups and is clearly morphism of covering morphisms of Lie groups from p to q . 
Also, TTi (r or) = ttit ottit is the covering morphism of Lie group-groupoids, because 
M and P are connected. Furthermore, it is a morphism of covering morphisms of 
Lie group-groupoids from mp to wiq . Thus, we have r(r o r) = Fr o Fr, so that 

r is a functor. _ 

Now let us set a functor $ : LGGdCov{-KiM) LGCov{M). Suppose Go = M 
and let q : G ^ wiM be smooth covering morphism of Lie -group-groupoids. Since 
M is connected, from Proposition 5, for p = qo : M ^ M there exist a lifted 
manifold on M making p smooth covering map on the underlying manifolds of M 
and M, and an isomorphism r : G ^ ttiM. Furthermore, since p = qo and q are Lie 
group-groupoid morphisms, p is also morphism of Lie groups. Thus, ^{q) = qo = p 
is a covering morphism of Lie groups. Let f : G H he a, morphism of smooth 
covering morphisms of Lie group-groupoids from q : G ^ mM to q : H ^ ttiM. 
From Proposition 2, for the liftable atlas ^ on M there exist lifted atlases Aq and 
Ag' on M = Go and N =- Hq, respectively. These atlases consist of the lifted charts 
making the manifolds M and N are smooth. Let x € M and let U^' be an clement 
of Ag' including f(x). Then U = q {U^') G A and U is lifted to a unique Uq € Aq, 
which contains x. Also f{Uq) = U^i. Hence f : M ^ N is smooth. That is, $(/) 
is a morphism of covering morphisms of Lie groups. Let f ' : H —> H' he another 
morphism from q : H ^ ttiM to q : H' ^ ttiM. Since / and / arc covering 
morphisms of Lie group-groupoids, the composition / o / is also covering morphism 
of Lie group-groupoids, and clearly it is a morphism of covering morphisms of Lie 
group-groupoids from q to q . Furthermore, $(/ o /) is a morphism of covering 
morphisms of Lie groups as above. Thus, we have $(/ o /) = $(/ ) o $(/), so that 
$ is a functor. 

Now let us show natural equivalences r$ ~ ^LGGdCov^TTiM) ^nd <I>r ~ 1 lgCov{m)- 
Let q : G —>■ TTiM and q : H ^ ttiM he covering morphisms of Lie group- 
groupoids. Since M is connected, there exist the covering maps p = qo : M ^ M 
and p = qQ : N ^ M oi smooth manifolds and the isomorphisms r : G ^ niM 
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and r : H ^ mN. Now let us show that the foUowing diagram is commutative. 

G ^TTlM 




TTlN 



Indeed; let a be an element of G started at x and let a : / — > M be a representation 
of q{a) e TTiM. Then a induces a morphism ttiO : nil — > ttiM, nia{i) = q(a). 
Further, wia is lifted to unique morphism a : (7ri/,0) {G,x). Then r(a) is 
the equivalent class of the path Oq : / ^ M. Let b = f{a). We use the same 
method in order to obtain b : (tti/, 0) {H,f{x)), where b = foia). Since b is 
determined as unique by b, we obtain r f(a) = {TTifo)r(a). This means that we 
have r$ ~ lLGGdCov(7TiM)- Finally, we must show $r ~ Ilgcov(m)- But since 
M = (7riM)o and the structure manifold of M is the lifted manifold, it is obvious 
that $r = Ilgcov(m)- Thus, the proof is completed. □ 

Now we will introduce a smooth action of a Lie group-groupoid on a connected 
Lie group. First let us give the definition. 

Definition 7. Let G be a Lie group-groupoid and let M be a Lie group. An action 
of Lie group-groupoid G on Lie group M via Lie group homomorphism w : M ^ 
Go consists of the action of the underlying Lie groupoid of G on the underlying 
smooth manifold of M via the submersion w : M ^ Gq satisfying the conditions 
wC'x) = /3(a), ^{"-x) = ^''""■^x and = x such that interchange law i^y) + 

{"■x) = ^^"-{y + x) is hold. Such an action is denoted by {M,w). 

Example 3. If G is a Lie group-groupoid, then G acts on M = Go via the unit 

morphism w = po : M = Gq Gq . Indeed, since p is the unit m,orphism of Lie 
group- groupoids, p and po are Lie group homomorphisms. Hence w is a Lie group 
homomorphism. The composition of the target map of Lie group-groupoid with the 
projection pri gives action f3 o pri = (j) : G a Xw Go — > Go by (a.x) = = /3(a). 
Since pri and /3 are smooth, the composition Popn = 4> is also smooth. Now let us 
show that the conditions of the action are satisfied. We have w{'^x) = w(/3(a)) = 
/3(a), because w is the unit morphism. That is, the first condition is satisfied. The 
second condition is satisfied, namely ''("x) = ^{f}{a)) = P{b) = /3(6 o a) = ^''°°'^x. 
Finally, ^^^x = (i{lwix)) = x. Also the interchange law is satisfied. That is, 
{^y) + {"x) = (3{b) + /3(a) = (3{b + a) and ^+''{y + x) = /3(& + a). Hence it follows 
i^y) + ("a;) = ''+"(y + a:;). Thus, the smooth action conditions are satisfied. 

Let G be a Lie group-groupoid. Therefore, wc obtain category LGGdOp{G) of 
smooth actions of G on Lie groups. A morphism from {M,w) to (M ,w') is a 
homomorphism f : M ^ M of Lie groups satisfying the conditions w o f = w and 
/( -x) = '^f{x). 

Example 4. Let p : G ^ G be covering morphism of Lie group- groupoids. Then 
there is an action of Lie group-groupoid G on Lie group M = Go via Lie group 
homomorphism w = po ■ Go ^ Go- Indeed, since p is the covering morphism 
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of Lie group- groupoids, p and po = w are Lie group homomorphisms. Also there 
exists diffeomorphism Sp : G a Xpo ~^ G. Since Sp and (3 are smooth, the 
composition of f3 : G ^ Go and Sp gives a smooth action (j) = 13 o Sp : G a Go — » 
Go, (a, a?) °-x = (3(a). By [8], there exists a smooth action of the underlying 
Lie groupoid of G on the underlying manifold of M = Go via smooth submersion 
w = po : Go — > Go- So the conditions of the action are satisfied. Therefore, Lie 
group- groupoid G acts smootly on Lie group M = Go via Lie group homomorphism 
w ^ Po : Go ^ Go. 

Example 5. Let G be a Lie group- groupoid acting on Lie group M via Lie group 
homomorphism w : M ^ Gq. Then we have action Lie groupoid G k M whose 
objects manifold is Lie group M. Further, action Lie groupoid G K M is a Lie 
group- groupoid defined by the operation {a,x) + {b,y) = {a -\- b,x + y), where the 
operation + is defined by the group operation of Lie group- groupoid G. By [8], the 
covering morphism p : G M ^ G of underlying Lie groupoids of G IK M and G is 
defined. Now let us show that p is a covering morphism of Lie group- groupoids. For 
this, we must show that p preserves the group structure. Since p is the projection 
map, 

p{{a, x) + (6, y)) = p(a + 6, a; + y) = a + 6 = p{a, x) + p{b, y). 

Thus, p is a Lie group homomorphism. Consequently, p is a covering morphism of 
Lie group- groupoids. 

Let us now give second main result of this paper. 

Theorem 4. Let G be a, Lie group- groupoid. Then the category LGGdGoviG) of 
the coverings of G and the category LGGdOp{G) of the actions of G on Lie groups 
are equivalent. 

Proof. Let us define a functor V : LGGdOp{G) LGGdGov{G) as follows. Sup- 
pose (j) : G a M ^ M, {a,x) <t>{a,x) = "x be smooth action of Lie group- 
groupoid G on a Lie group M via Lie group homomorphism w; : M — > Gq. Then, 
from Example 5, the Lie group-groupoid Gfx M whose objects manifold is M is de- 
fined. Since p : G K M — > G is defined by (a, x) a on the morphisms and by w on 
the objects, it is a covering morphism of Lie group-groupoids. That is, T(M,w) is 
the covering morphism of Lie group-groupoids. If (M, w) and (M , w ) are smooth 
actions then r(M, w) and r(M , w ) are smooth covering morphisms of Lie group- 
groupoids. Let us denote these smooth covering morphisms hy p : G x M ^ G and 
q : G K M — > G, respectively. If / : M — > M is a morphism of the smooth actions, 
then r(/) = r is also a morphism of smooth covering morphisms with ro = / and 
r = 1 X /. However, ii f : M M and g : M N arc morphisms of the 
smooth actions, then r{g o /) = T{g) o r(/). If we denote by r{M,w) = G tK M, 
T{M',w') = GxM', T{N,w") = GtKN, T{f) = r and T{g) = r , then we have 
g o f : M N and hence T{g o f) = r o r = r(g) o r(/). Thus, F is a functor. 

Secondly, let us define a functor $ : LGGdCov{G) — > LGGdOp{G) as follows. 
Let p : G — >■ G be a covering morphism of Lie group-groupoids. Let us take M = Gq 
and w = Po ■ Go ^ Go- One can obtain a smooth action [M = Go,w = po) hy 
Example 4. That is, is a smooth action of the Lie-group-groupoid G on a Lie 
group. If p : G — > G and q : H ^ G are covering morphisms of Lie group-groupoids, 
then and are actions of Lie group-groupoid G on Lie groups Go and Hq 
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via Lie group homomorphisms po and go, respectively. Let (Go,po) and {Ho,qo) be 
these smooth actions, respectively. If p and q are covering morphisms of Lie group- 
groupoids, then r : G ^ H is also a covering morphism of Lie group-groupoids. 
Thus, if r is the morphism of the covering morphisms of Lie group-groupoids, then 
$(r) = / is also morphism of the smooth actions with ro = /. Indeed, the diagram 

Go — 



Go 

is commutative, because r is the morphism of covering morphisms of Lie group- 
groupoids. Furthermore, since r is the morphism of covering morphisms of Lie 
group-groupoids, we have p = qor and po = qoor^. It is easily seen that the action 
is preserved by the following diagram. 



Ga Xt,„ Go 



Ixro 



Ga Xqo -'^O 



-^Go 



f=ro 



However, if a morphism from p : G ^ G to q : H G is r : G H and a 
morphism from q : H ^ G to p : H G is r : H ^ H , then 4>(r o r) = 
$(r') o $(r). If we denote as ^{p) = (Go^po), = {Ho,qo), ^(p) = {Ho,Po), 
^('') = / and $(r ) = / , then r o r : G ^ H is a covering morphism of Lie 
group-groupoids and hence $(r or) = f o f = $(r ) o $(r). Thus, $ is a functor. 

Let us now show that there exist the natural equivalences $r ~ ^LGGdOpiG) 
and r$ ~ lLGGdCov{G)- Given a smooth action {M,w), there exist the Lie group- 
groupoid G K M whose the objects manifold is Lie group (G K M)o = M, and 
the covering morphism p : G K M ^ G of Lie group-groupoids. Furthermore, 
$(r(M,w;)) gives a smooth action ofLie group-groupoid G on Lie group (GkM)o = 
M via smooth group homomorphism po = w : (G x M)o = M — > Gq. That is, 
$(r(M, w)) = (M,w). Thus, we have obtain <^T = iLGGdOp(G)- 

Conversely, if p : G ^ G is a covering morphism of Lie group-groupoids, then 



$(p) is a smooth action (j) : G 



Go — > Go of the Lie group-groupoid G on 



Lie group Go via smooth group homomorphism po : Gq Go. Furthermore, 
r($(p)) is also covering morphism of Lie group-groupoids, where the manifold of 
objects is Go and the manifold of morphisms is G k Go- Now let us define natural 
transformation T : tLGGdCov(G) r$. If p : G — > G is the covering morphism of 
Lie group-groupoids, then the map : G ^ r<I>(p) = G ix Gq is defined by identity 
on objects and by a i-^- (a, x) on morphisms, where a is the lifting of a and x is the 
source of a. Since p and p are smooth covering morphisms, Tp is also a smooth 
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covering morphism from [8]. For a ^ G, p{a) — a and p {Tp{a)) = p {a,x) 
That is, the following diagram is commutative. 



G K Go 




^G 



Thus, Tp is a morphism of the covering morphisms of Lie group-groupoids. If 
q : H ^ G is another covering morphism of Lie group-groupoids, then the following 
diagram is commutative. 



G 



G K Go 



T' 



r<I>(r) = lxro 



H 



■GkHo 



Obviously, the inverse of Tp is the morphism (T^) ^ : G k Go ^ G defined by iden- 
tity on objects and by (a, x) i-^a on morphisms. Thus, T is a natural equivalence. 

So it follows iLGGdCoviG) - T^. □ 
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